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How do we get to a brain-wave equation?

Electric Fields of the Brain: The Neurophysics of EEG

Paul L. Nunez  and Ramesh Srinivasan, OUP 2006

[(v + ∂t)2 − v2∂xx]ψ(x, t) = [v2 + v∂t]f ◦ u(x, t)

(
1 +

1
α

∂

∂t

)
u = ψ

V.K. Jirsa, H. Haken.  A Derivation of a Macroscopic Field Theory of the Brain 
from the Quasi microscopic Neural Dynamics, Physica D 99, 503-526 (1997)

EEG Rhythms



What else is it good for?

P. C. Bressloff, J. D. Cowan, M. Golubitsky, P. J. Thomas and M. Wiener Geometric visual hallucinations, Euclidean symmetry and the 
functional architecture of striate cortex Phil. Trans. R. Soc. B 40:299-330 (2001).

Visual hallucinations
(Ermentrout & Cowan)



What else is it good for?

P. C. Bressloff, J. D. Cowan, M. Golubitsky, P. J. Thomas and M. Wiener Geometric visual hallucinations, Euclidean symmetry and the 
functional architecture of striate cortex Phil. Trans. R. Soc. B 40:299-330 (2001).

Visual hallucinations
(Ermentrout & Cowan)

Spindle waves in thalamic slices mm/s

Cortex

Cortical waves cm/s



What else is it good for?

P. C. Bressloff, J. D. Cowan, M. Golubitsky, P. J. Thomas and M. Wiener Geometric visual hallucinations, Euclidean symmetry and the 
functional architecture of striate cortex Phil. Trans. R. Soc. B 40:299-330 (2001).

Visual hallucinations
(Ermentrout & Cowan)

mechanisms for short term 
memory

Spindle waves in thalamic slices mm/s

Cortex

Cortical waves cm/s



Neurons: pyramidal cells



Cortex

need a spiking single neuron model

HH, FHN, ML, WB, PR, ...., IF



Cortex

need a spiking single neuron model

C
dv

dt
= −

∑

k

gkm
pk
k h

qk
k (v − vk) + u

HH, FHN, ML, WB, PR, ...., IF



Cortex

need a spiking single neuron model

C
dv

dt
= −

∑

k

gkm
pk
k h

qk
k (v − vk) + u

v(t)

t

HH, FHN, ML, WB, PR, ...., IF



also need a synapse model

synaptic processing

dendritic processing

time

PSP

α2te−αt

u(t) =
∑

m

η(t− Tm)



j

i

w
ij

η ∗

also need a synapse model

synaptic processing

dendritic processing

time

PSP

α2te−αt

u(t) =
∑

m

η(t− Tm)



j

i

w
ij

η ∗

also need a synapse model

synaptic processing

dendritic processing

time

PSP

α2te−αt

u(t) =
∑

m

η(t− Tm)

ui(t) =
∑

j

wij

∑

m

η(t− Tm
j )



j

i

w
ij

η ∗

also need a synapse model

synaptic processing

dendritic processing

time

PSP

α2te−αt

u(t) =
∑

m

η(t− Tm)

ui(t) =
∑

j

wij

∑

m

η(t− Tm
j )

=
∑

j

wij

∫ ∞

0
η(s)

∑

m

δ(s− t + Tm
j )ds



v
ss

v

v
reset

θ

t

Firing rate for single 
neuron model in response 
to constant current 
injection is known

Slow synapses: spike train → firing rate f



v
ss

v

v
reset

θ

t

Firing rate for single 
neuron model in response 
to constant current 
injection is known

f = f(vss) vss = vss(u)

Slow synapses: spike train → firing rate f



v
ss

v

v
reset

θ

t

Firing rate for single 
neuron model in response 
to constant current 
injection is known

f = f(vss) vss = vss(u)

Slow synapses: spike train → firing rate f

ui(t) =
∑

j

wij

∫ ∞

0
η(s)f(vj(t− s))ds



Neural Field Model

*η
x y

w(|x-y|)

X

Wilson and Cowan (1972, 1973),  Amari (1977)

u(x, t) =
∫ ∞

−∞
dyw(y)

∫ ∞

0
dsη(s)f(u(x− y, t− s− |y|/v))



Neural Field Model

*η
x y

w(|x-y|)

X

Wilson and Cowan (1972, 1973),  Amari (1977)

u(x, t) =
∫ ∞

−∞
dyw(y)

∫ ∞

0
dsη(s)f(u(x− y, t− s− |y|/v))

h

β



Exponential synapse 
η(t) = αe−αt, t > 0

synaptic processing

dendritic processing

time

PSP

α2te−αt



Exponential synapse 

(
1 +

1
α

∂

∂t

)
u = ψ

ψ(x, t) =
∫ ∞

−∞
w(x− y)f(u(y, t− |x− y|/v))dy

η(t) = αe−αt, t > 0
synaptic processing

dendritic processing

time

PSP

α2te−αt



Exponential synapse 

(
1 +

1
α

∂

∂t

)
u = ψ

ψ(x, t) =
∫ ∞

−∞
w(x− y)f(u(y, t− |x− y|/v))dy

ρ = f ◦ u

=
∫ ∞

−∞
dy

∫ ∞

−∞
dsG(x− y, t− s)ρ(y, s)

G(x, t) = w(x)δ(t− |x|/v)

η(t) = αe−αt, t > 0
synaptic processing

dendritic processing

time

PSP

α2te−αt



Exponential synapse 

(
1 +

1
α

∂

∂t

)
u = ψ

ψ(x, t) =
∫ ∞

−∞
w(x− y)f(u(y, t− |x− y|/v))dy

exploit 
convolution 
structure

ρ = f ◦ u

=
∫ ∞

−∞
dy

∫ ∞

−∞
dsG(x− y, t− s)ρ(y, s)

G(x, t) = w(x)δ(t− |x|/v)

η(t) = αe−αt, t > 0
synaptic processing

dendritic processing

time

PSP

α2te−αt



Exponential synapse 

(
1 +

1
α

∂

∂t

)
u = ψ

ψ(x, t) =
∫ ∞

−∞
w(x− y)f(u(y, t− |x− y|/v))dy

exploit 
convolution 
structure ψ(k,ω) = G(k,ω)ρ(k, ω)

ρ = f ◦ u

=
∫ ∞

−∞
dy

∫ ∞

−∞
dsG(x− y, t− s)ρ(y, s)

G(x, t) = w(x)δ(t− |x|/v)

η(t) = αe−αt, t > 0
synaptic processing

dendritic processing

time

PSP

α2te−αt



Exponential anatomy

w(x) = e−|x|/2

− σ σ



Exponential anatomy

G(k,ω) =
1 + iω

v(
1 + iω

v

)2 + k2

w(x) = e−|x|/2

− σ σ



Exponential anatomy

G(k,ω) =
1 + iω

v(
1 + iω

v

)2 + k2

w(x) = e−|x|/2

− σ σ
[(

1 + i
ω

v

)2
+ k2

]
ψ(k, ω) =

[
1 + i

ω

v

]
ρ(k,ω)



Exponential anatomy

G(k,ω) =
1 + iω

v(
1 + iω

v

)2 + k2

w(x) = e−|x|/2

− σ σ
[(

1 + i
ω

v

)2
+ k2

]
ψ(k, ω) =

[
1 + i

ω

v

]
ρ(k,ω)

[(v + ∂t)2 − v2∂xx]ψ(x, t) = [v2 + v∂t]f ◦ u(x, t)

If Gab(k,ω) can be represented in the form Rab(k2, iω)/Pab(k2, iω) then we have that

Pab(k2, iω)ψab(k, ω) = Rab(k2, iω)ρb(k,ω). By identifying k2 ↔ −∇2 and iω ↔ ∂t, then a

formal inverse Fourier transform will yield a local model in terms of the operators ∇2 and

∂t. However, unless the functions Pab and Rab are polynomial in their arguments then the

interpretation of functions of these operators is unclear. To illustrate this we revisit the

common choice:

wab(r) = w0
abe

−r/σab/(2π), (9)

for which

Gab(k,ω) = w0
ab

Aab(ω)

(A2
ab(ω) + k2)3/2

, (10)

where Aab(ω) = σab
−1 + iω/vab. Introducing the operator Aab:

Aab =

(
1

σab
+

1

vab
∂t

)2

, (11)

then the problem arises as how to interpret [Aab −∇2]3/2. In the long-wavelength approx-

imation one merely expands Gab(k, ω) around k = 0 for small k, yielding a “nice” rational

polynomial structure which is then manipulated as described above to give the PDE:

(
Aab −

3

2
∇2

)
ψab = w0

abρb. (12)

We refer to (12) as the long-wavelength model.

To obtain a PDE model that side-steps the need to make the long-wavelength approxi-

mation we use the observation that e−r can be fitted with a two-parameter function of the

form [18]

E(r) = (ε2
1 − ε2

2)
−1 [K0(r/ε1)−K0(r/ε2)] , (13)

where K0 is the modified Bessel function of the second kind of order zero. The prefactor

(ε2
1 − ε2

2)
−1 ensures a common normalisation for e−r and E(r).

The form of equation (13) motivates the approximation e−r/σe−iωr/v ≈ (ε2
1 −

ε2
2)
−1[K0(Aab;ε1(ω)r) − K0(Aab;ε2(ω)r)], where Aab;ε(ω) is obtained under the replacement

of σ by εσ in Aab(ω). This form is particularly useful since K0(ar) has a simple Hankel

transform given by 1/(a2 + k2). For this choice Gab(k, ω) takes the form

w0
ab

ε2
1 − ε2

2

[
1

(A2
ab;ε1

(ω) + k2)
− 1

(A2
ab;ε2

(ω) + k2)

]
. (14)
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PDE in terms of the local operators ∇2, ∂t

Damped inhomogeneous brain-wave equation
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II. INTEGRAL NEURAL FIELD MODEL

We consider planar neural field models that incorpo-
rate delayed synaptic interactions between distinct neu-
ronal populations where the activity of synapses in pop-
ulation a induced by activity in population b can be writ-
ten

uab = ηab ∗ ψab. (1)

Here uab = uab(r, t), r = (r, θ) (r ∈ R+, θ ∈ [0, 2π), t ∈
R+), and a and b label functionally homogeneous neu-
ronal populations. The activity variable uab(r, t) can be
interpreted as a spatially averaged synaptic activity cen-
tered about r. The symbol ∗ represents a temporal con-
volution in the sense that

(η ∗ ψ)(r, t) =
∫ t

0
dsη(s)ψ(r, t− s). (2)

The variable ψab(r, t) describes the presynaptic input to
population a arriving from population b, which we write
as

ψab(r, t) =
∫

R2
dr′wab(r, r′)fb◦hb(r′, t−|r−r′|/vab). (3)

The function ηab(t) (with ηab(t) = 0 for t < 0) rep-
resents a normalised synaptic filter, whilst wab(r, r′)
is a synaptic footprint describing the anatomy of net-
work connections. One common choice for the synap-
tic filter is the so-called delayed difference of exponen-
tials: ηab(t) = η(t − τab;αab, βab), where η(t;α,β) =
(1/α−1/β)−1[e−αt− e−βt]Θ(t) and τab is a mean synap-
tic processing delay between populations a and b. Here,
Θ(t) is the Heaviside step function. In the absence of
detailed anatomical data it is common practice to con-
sider cortico-cortical connectivity functions to be homo-
geneous and isotropic so that wab(r, r′) = wab(|r − r′|).
The function fa represents the firing rate of population a,
and vab is the mean synaptic axonal velocity along a fibre
connecting population b to population a. For conduction
velocities in the range 1.5–7 m/s (typical of white matter
axons) axonal delays are significant over scales ranging
from a single cortical area (of spatial scale 10mm) up to
the scale of inter-hemispherical collosal connections.

In a Wilson-Cowan or Amari style neural field model
the variables ha are taken to be of the form ha =

∑
b uab+

h0
a, with h0

a a constant drive term. In more sophisticated
models of EEG activity, such as in the work of Liley et
al. [12], ha is interpreted as the average soma membrane
potential of a population and chosen to obey a nonlinear
equation of the form

(1 + τa∂t)ha =
∑

b

Γab(ha)uab + h0
a. (4)

Here the activity dependent functions Γab weight the con-
tributions from the various contributing neuronal pop-
ulations, and take into account the shunting nature of
synaptic interactions (see [12] for details).

III. EQUIVALENT PDE MODEL

Introducing Gab(r, t) = Gab(r, t) (where r = |r|) with

Gab(r, t) = wab(r)δ(t− r/vab), (5)

allows us to re-write (3) as

ψab(r, t) =
∫ ∞

−∞
ds

∫

R2
dr′Gab(|r−r′|, t−s)ρb(r′, s), (6)

where ρa = fa◦ha. Importantly the right hand side of (6)
has a convolution structure. Introducing the 3D Fourier
transform according to

ψ(r, t) =
1

(2π)3

∫

R3
dkdωψ(k, ω)ei(k·r+ωt), (7)

then we find that Gab(k, ω) = Gab(k, ω), (k = |k|) where

Gab(k,ω) = 2π

∫ ∞

0
wab(r)J0(kr)re−iωr/vabdr. (8)

Here J0(z) = (2π)−1
∫ 2π
0 dθeiz cos θ is the Bessel function

of the first kind of order zero. We recognize (8) as the
Hankel transform of wab(r)e−iωr/vab .

If Gab(k, ω) can be represented in the form
Rab(k2, iω)/Pab(k2, iω) then we have that
Pab(k2, iω)ψab(k, ω) = Rab(k2, iω)ρb(k, ω). By identi-
fying k2 ↔ −∇2 and iω ↔ ∂t, then a formal inverse
Fourier transform will yield a local model in terms of
the operators ∇2 and ∂t. However, unless the functions
Pab and Rab are polynomial in their arguments then the
interpretation of functions of these operators is unclear.
To illustrate this we revisit the common choice:
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In the long-wavelength approximation one merely ex-
pands Gab(k,ω) around k = 0 for small k, yielding a
“nice” rational polynomial structure which is then ma-
nipulated as described above to give the PDE:

(
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)
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of the first kind of order zero. We recognize (8) as the
Hankel transform of wab(r)e−iωr/vab .

If Gab(k, ω) can be represented in the form
Rab(k2, iω)/Pab(k2, iω) then we have that
Pab(k2, iω)ψab(k, ω) = Rab(k2, iω)ρb(k, ω). By identi-
fying k2 ↔ −∇2 and iω ↔ ∂t, then a formal inverse
Fourier transform will yield a local model in terms of
the operators ∇2 and ∂t. However, unless the functions
Pab and Rab are polynomial in their arguments then the
interpretation of functions of these operators is unclear.
To illustrate this we revisit the common choice:

wab(r) = w0
abe

−r/σab/(2π), (9)

for which

Gab(k,ω) = w0
ab

Aab(ω)
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where Aab(ω) = σab
−1+iω/vab. Introducing the operator

Aab:
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+
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vab
∂t

)2

, (11)

then the problem arises as how to interpret [Aab−∇2]3/2.
In the long-wavelength approximation one merely ex-
pands Gab(k,ω) around k = 0 for small k, yielding a
“nice” rational polynomial structure which is then ma-
nipulated as described above to give the PDE:

(
Aab −

3
2
∇2

)
ψab = w0

abρb. (12)

We refer to (12) as the long-wavelength model.
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II. INTEGRAL NEURAL FIELD MODEL
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tered about r. The symbol ∗ represents a temporal con-
volution in the sense that

(η ∗ ψ)(r, t) =
∫ t

0
dsη(s)ψ(r, t− s). (2)

The variable ψab(r, t) describes the presynaptic input to
population a arriving from population b, which we write
as
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∫
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dr′wab(r, r′)fb◦hb(r′, t−|r−r′|/vab). (3)

The function ηab(t) (with ηab(t) = 0 for t < 0) rep-
resents a normalised synaptic filter, whilst wab(r, r′)
is a synaptic footprint describing the anatomy of net-
work connections. One common choice for the synap-
tic filter is the so-called delayed difference of exponen-
tials: ηab(t) = η(t − τab;αab, βab), where η(t;α,β) =
(1/α−1/β)−1[e−αt− e−βt]Θ(t) and τab is a mean synap-
tic processing delay between populations a and b. Here,
Θ(t) is the Heaviside step function. In the absence of
detailed anatomical data it is common practice to con-
sider cortico-cortical connectivity functions to be homo-
geneous and isotropic so that wab(r, r′) = wab(|r − r′|).
The function fa represents the firing rate of population a,
and vab is the mean synaptic axonal velocity along a fibre
connecting population b to population a. For conduction
velocities in the range 1.5–7 m/s (typical of white matter
axons) axonal delays are significant over scales ranging
from a single cortical area (of spatial scale 10mm) up to
the scale of inter-hemispherical collosal connections.

In a Wilson-Cowan or Amari style neural field model
the variables ha are taken to be of the form ha =

∑
b uab+

h0
a, with h0

a a constant drive term. In more sophisticated
models of EEG activity, such as in the work of Liley et
al. [12], ha is interpreted as the average soma membrane
potential of a population and chosen to obey a nonlinear
equation of the form

(1 + τa∂t)ha =
∑

b

Γab(ha)uab + h0
a. (4)

Here the activity dependent functions Γab weight the con-
tributions from the various contributing neuronal pop-
ulations, and take into account the shunting nature of
synaptic interactions (see [12] for details).
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Introducing Gab(r, t) = Gab(r, t) (where r = |r|) with

Gab(r, t) = wab(r)δ(t− r/vab), (5)

allows us to re-write (3) as
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where ρa = fa◦ha. Importantly the right hand side of (6)
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fying k2 ↔ −∇2 and iω ↔ ∂t, then a formal inverse
Fourier transform will yield a local model in terms of
the operators ∇2 and ∂t. However, unless the functions
Pab and Rab are polynomial in their arguments then the
interpretation of functions of these operators is unclear.
To illustrate this we revisit the common choice:
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then the problem arises as how to interpret [Aab−∇2]3/2.
In the long-wavelength approximation one merely ex-
pands Gab(k,ω) around k = 0 for small k, yielding a
“nice” rational polynomial structure which is then ma-
nipulated as described above to give the PDE:
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)
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We refer to (12) as the long-wavelength model.
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has a convolution structure. Introducing the 3D Fourier
transform according to

ψ(r, t) =
1

(2π)3

∫

R3
dkdωψ(k, ω)ei(k·r+ωt), (7)

then we find that Gab(k, ω) = Gab(k, ω), (k = |k|) where
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fying k2 ↔ −∇2 and iω ↔ ∂t, then a formal inverse
Fourier transform will yield a local model in terms of
the operators ∇2 and ∂t. However, unless the functions
Pab and Rab are polynomial in their arguments then the
interpretation of functions of these operators is unclear.
To illustrate this we revisit the common choice:
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for which
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then the problem arises as how to interpret [Aab−∇2]3/2.
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axons) axonal delays are significant over scales ranging
from a single cortical area (of spatial scale 10mm) up to
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the variables ha are taken to be of the form ha =
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a, with h0

a a constant drive term. In more sophisticated
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al. [12], ha is interpreted as the average soma membrane
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equation of the form
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Here the activity dependent functions Γab weight the con-
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ulations, and take into account the shunting nature of
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Better rational approximation 

S Coombes, N A Venkov, L Shiau, I Bojak, D T J Liley and C R Laing 2007 Modeling electrocortical 
activity through improved local approximations of integral neural field equations, Physical Review E, 
Vol 76, 051901-8. (Open access).



Eye candy (for a two-layer E-I network) 

Long-wavelength Rational
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Spatial modulation

J. S. Lund, A. Angelucci and P. C. Bressloff, Anatomical substrates for 
the functional column in macaque primary visual cortex. Cerebral 
Cortex 12:15-24 (2003)

Anisotropy in a patchy connectional field: 
reconstruction of a tangential section through layers 
2/3 of macaque area V1, showing a cholera toxin B 
tracer injection site and surrounding transported 
orthograde and retrograde label.

500 μm

Neocortex has a crystalline micro-structure at the mm length scale, so that the assumption of isotropic connectivity has to 
be revised.
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be revised.

The patchy nature of the horizontal connections 
immediately implies breaking of continuous rotation 
symmetry but not necessarily continuous translation 
symmetry.

V. SPATIAL MODULATION

It is now known that the neocortex has a crystalline micro-structure at the millimeter

length scale, so that the assumption of isotropic connectivity has to be revised (for a re-

cent discussion see [19]). For example, in visual cortex it has been shown that long range

horizontal connections (extending several millimeters) tend to link neurons having common

functional properties (as defined by their feature maps). Since the feature maps (for ori-

entation preference, spatial frequency preference and ocular dominance) are approximately

periodic this leads to patchy connections that break continuous rotation symmetry (but not

necessarily continuous translation symmetry). With this in mind we introduce a periodically

modulated spatial kernel of the form

wP
ab(r, r

′) = wab(|r− r′|)Jab(r− r′), (26)

where Jab(r) varies periodically with respect to a regular planar lattice L. Note that the

patchy kernel wP
ab is homogeneous, but not isotropic. Following recent work of Robinson

[20] on patchy propagators we show how to obtain an equivalent PDE model for an integral

neural field equation with a spatial kernel given by (26).

First we exploit the periodicity of Jab(r) and represent it with a Fourier series:

Jab(r) =
∑

q

Jq
abe

iq·r. (27)

The vectors q are the reciprocal lattice vectors of the underlying lattice L, and Jq
ab are

Fourier coefficients given by (2π)−2
∫

R2 dre−iq·rJab(r), with J−q
ab = (Jq

ab)
† (where † denotes

complex-conjugation). In this case ψab(k, ω) = GP
ab(k, ω)ρb(k, ω), where

GP
ab(k, ω) =

∑

q

Jq
abGab(|k− q|, ω), (28)

and Gab(k,ω) is given by (8). We may then write ψab(r, t) =
∑

q Jq
abψ

q
ab(r, t), where

ψq
ab(k, ω) = Gab(|k−q|, ω)ρb(k, ω). Choosing Gab(k,ω) according to (14) we see that ψq

ab(r, t)

satisfies

(Aab;ε1 −∇2
q)(Aab;ε2 −∇2

q)ψ
q
ab = w0

abBabρb, (29)

where ∇q = (∇ − iq). Hence, we have an infinite set of PDEs for the complex ampli-

tudes ψq
ab indexed by the reciprocal lattice vectors q. Since ψ−q

ab = (ψq
ab)

† then ψab(r, t) =

12

Introduce a periodically modulated spatial kernel of the 
form

where              varies periodically with respect to a regular planar lattice     , with reciprocal lattice vectorsJab(r) L q
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periodic this leads to patchy connections that break continuous rotation symmetry (but not

necessarily continuous translation symmetry). With this in mind we introduce a periodically

modulated spatial kernel of the form

wP
ab(r, r

′) = wab(|r− r′|)Jab(r− r′), (26)

where Jab(r) varies periodically with respect to a regular planar lattice L. Note that the

patchy kernel wP
ab is homogeneous, but not isotropic. Following recent work of Robinson

[20] on patchy propagators we show how to obtain an equivalent PDE model for an integral

neural field equation with a spatial kernel given by (26).

First we exploit the periodicity of Jab(r) and represent it with a Fourier series:

Jab(r) =
∑

q

Jq
abe

iq·r. (27)

The vectors q are the reciprocal lattice vectors of the underlying lattice L, and Jq
ab are

Fourier coefficients given by (2π)−2
∫

R2 dre−iq·rJab(r), with J−q
ab = (Jq

ab)
† (where † denotes

complex-conjugation). In this case ψab(k, ω) = GP
ab(k, ω)ρb(k, ω), where

GP
ab(k, ω) =

∑

q

Jq
abGab(|k− q|, ω), (28)

and Gab(k,ω) is given by (8). We may then write ψab(r, t) =
∑

q Jq
abψ

q
ab(r, t), where

ψq
ab(k, ω) = Gab(|k−q|, ω)ρb(k, ω). Choosing Gab(k,ω) according to (14) we see that ψq

ab(r, t)

satisfies

(Aab;ε1 −∇2
q)(Aab;ε2 −∇2

q)ψ
q
ab = w0

abBabρb, (29)

where ∇q = (∇ − iq). Hence, we have an infinite set of PDEs for the complex ampli-

tudes ψq
ab indexed by the reciprocal lattice vectors q. Since ψ−q

ab = (ψq
ab)

† then ψab(r, t) =

12

Introduce a periodically modulated spatial kernel of the 
form

where              varies periodically with respect to a regular planar lattice     , with reciprocal lattice vectorsJab(r) L q

Patchy propagators - P A Robinson, Physical Review E, 73:041904, 2006.
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Jab(r) = [cos(k1 · r) + cos(k2 · r)]/2

k1 = 2π/d(1, 0) and k2 = 2π/d(0, 1)

∑
q Jq

abψ
q
ab(r, t) ∈ R as required. Assuming that there is a natural cut-off in q, then we need

only evolve a finite subset of these PDEs to see the effects of patchy connections on solution

behavior. Note also that the Turing instability analysis for the patchy model is identical

to that of the isotropic model under the replacement of Gab by (28) in (21), so that now λ

depends on the direction as well as the magnitude of k. For the mode selected by the Turing

mechanism all other modes generated by discrete rotations of the reciprocal lattice will also

be selected. Thus periodic patchy connections favour the generation of periodic patterns.

For example, consider a square lattice with length-scale d. The generators of the reciprocal

lattice are k1 = 2π/d(1, 0) and k2 = 2π/d(0, 1). Now choose Jab(r) = [cos(k1 · r) + cos(k2 ·

r)]/2. In this case Jq
ab = [δ(q−k1) + δ(q+k1) + δ(q−k2) + δ(q+k2)]/4, and we need only

consider two coupled complex PDEs (indexed by k1,2).

In Fig. 5 we plot the dispersion surfaces Re λ(k), k = (kx, ky), for parameters selected

just beyond the instability of the homogeneous steady state. In the limit d→∞ we recover

the unmodulated model. For finite d we find that each lattice wavevector ±k1,2 introduces

a shifted copy of the peak of the dispersion surface from the unmodulated case (Fig. 5a).

When these peaks are widely separated (for lattice spacing d ! 3) the interaction between

them is weak and the bifurcation parameter portrait is expected to be analogous to that

of the unmodulated model (Fig. 2) (at least up to a factor of 4 coming from the particular

choice of Jq
ab above). In Fig. 6 we plot the bifurcations for the modulated model. Compared

to the unmodulated case the Hopf bifurcation is transformed to a Turing-Hopf bifurcation

with critical wavevectors coinciding with those of the lattice and independent of the axonal

velocity v. This is associated with the central peaks at ±k1,2 in Fig. 5c crossing through

zero from below. With increasing v the dominant bifurcation is also of Turing-Hopf type.

However, in this case it is a ring of wavevectors surrounding ±k1,2 that go unstable first, as

in Fig. 5d. In both cases this suggests the emergence of traveling waves aligned to the lattice

size and direction, which are indeed observed in direct numerical simulations. We shall refer

to these as “lattice-directed” traveling waves. In the regime 3 ! d ! 6 four wavevectors

become unstable with |kx| = |ky|, as in Fig. 5b , and for d " 6 the system is effectively that

of the unmodulated case described by Fig. 5a.

In Fig. 7 we plot the speed of a traveling wave at the Turing-Hopf bifurcation at v = 1.

The speed of the wave is seen to increase almost linearly with the spacing of the square

lattice, d. This reflects the fact that for small d, the emergent frequency ωc is independent
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Threshold Accommodation

u(x, t) =
∫

∞

−∞

w(x−y)
∫ t

−∞

η(t−s)f(u(y, s)−h)dsdy

Hill (1936), “... the threshold rises when the local potential is maintained ... and reverts 
gradually to its original value when the nerve is allowed to rest.”

ht = −(h − h0) + κH(u − θ)



Time-independent solutions (u, h) = (q(x), p(x))
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Time-independent solutions (u, h) = (q(x), p(x))
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q = w ⊗ H(q − p), p =







h0 q < θ

h0 + κ q ≥ θ

(w ⊗ f)(x, t) =
∫

∞

−∞
w(y)f(x − y, t)dy



Bump Stability III: η(t) = αe−αt
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Bump Stability IV
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Bump Stability IV
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Summary of Bump instabilities
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Dynamic instability of pulses
A pair of complex conjugate eigenvalues crosses the Im 
axis at α ≈ 1.52, α ≈ 1.64
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Exotic Dynamics
... including asymmetric breathers, multiple bumps, multiple pulses, 
periodic traveling waves, and bump-splitting instabilities that appear 
to lead to spatio-temporal chaos.
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2D: Dimple Bumps

Complex splitting



2D: Dimple Bumps

Complex splitting



2D: Collisions



2D: Collisions



Rhythms and slow ionic currents

Synchronised (14 Hz) oscillations at onset of sleep



Rhythms and slow ionic currents

Synchronised (14 Hz) oscillations at onset of sleep

Thalamocortical (TC) 
cell

Dynamic response due to a low-threshold Calcium conductance.
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Global inhibitory TC Network
Synchrony for slow synapses
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Global inhibitory TC Network
Synchrony for slow synapses
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Global inhibitory TC Network
Synchrony for slow synapses
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S Coombes, Dynamics of synaptically coupled 
integrate-and-fire-or-burst neurons, Physical Review E 
67, 041910 (2003)
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Slow lurching waves in a purely 
inhibitory network

S Coombes, Dynamics of synaptically coupled 
integrate-and-fire-or-burst neurons, Physical Review E 
67, 041910 (2003)

60

100

140

-74 -72 -70 -68 -66

L
T

v
h

L

t

x

T
L

∆

∆

θ

v

v

h

θ

v
hshort

range



In collaboration with

Carlo Laing (Massey, NZ)

LieJune Shiau 
(Houston)

Nikola Venkov 
(Notts)

Markus Owen (Notts)

David Liley 
(Melbourne)

Ingo Bojak (Nijmegen)

Gabriel Lord 
(Heriot-Watt)


